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ABSTRACT
We study global star formation thresholds in the outer parts of galaxies by investigating the stability of disk
galaxies embedded in dark halos. The disks are self-gravitating, contain metals and dust, and are exposed to
UV radiation. We find that the critical surface density for the existence of a cold interstellar phase depends only
weakly on the parameters of the model and coincides with the empirically derived surface density threshold
for star formation. Furthermore, it is shown that the drop in the thermal velocity dispersion associated with the
transition from the warm to the cold gas phase triggers gravitational instability on a wide range of scales. The
presence of strong turbulence does not undermine this conclusion if the disk is self-gravitating. Models based
on the hypothesis that the onset of thermal instability determines the star formation threshold in the outer parts
of galaxies can reproduce many observations, including the threshold radii, column densities, and the sizes of
stellar disks as a function of disk scale length and mass. Finally, prescriptions are given for implementing star
formation thresholds in (semi-)analytic models and three-dimensional hydrodynamical simulations of galaxy
formation.
Subject headings: galaxies: evolution — galaxies: formation — galaxies: ISM — ISM: clouds — stars: for-
mation
1. INTRODUCTION
Observations of the distribution of Hα emission in disk
galaxies show that the (azimuthally averaged) star formation
rate (SFR) drops abruptly at a few disk scale lengths (e.g.,
Kennicutt 1989, hereafter K89; Martin & Kennicutt 2001,
hereafter MK01). The fact that the gas disk typically extends
far beyond this radius, suggests that the radial truncation of
the SFR is due to a star formation threshold. If the truncation
radius does not decrease with time and if stars remain at fixed
radii after their formation, then one would also expect a sharp
cutoff in the stellar surface density. There is evidence that
stellar disks in galaxies are finite: the surface brightness dis-
tribution of spiral galaxies is observed to cut off beyond a few
disk scale lengths (van der Kruit 1979; van der Kruit & Searle
1981). There are some indications that the two disk edges do
coincide (e.g., van der Kruit 1988; K89), but the issue has yet
to be investigated conclusively.
The existence of a surface density threshold for star forma-
tion is usually explained in terms of the Toomre criterion for
gravitational instability (Spitzer 1968; Quirk 1972; Fall & Ef-
stathiou 1980; K89). Neither rotation nor pressure can stabi-
lize a thin, gaseous, differentially rotating disk if the Toomre
Q parameter,
Q(r)≡ csκ
piGΣg
, (1)
is less than unity (Safronov 1960; Toomre 1964; Goldreich
& Lynden-Bell 1965; Binney & Tremaine 1987); where the
effective sound speed cs, the epicyclic frequency κ, and the
gas surface density Σg all depend on radius r. K89 tested
the hypothesis that the Toomre criterion is responsible for the
observed cutoff in the SFR by measuring the ratio α ≡ 1/Q
of the gas surface density Σg to the critical surface density
Σc(r)≡ csκ
piG
≡ Σg
α
≡ QΣg (2)
for a sample of 15 spiral galaxies. Assuming a constant ve-
locity dispersion of 6 kms−1, he found that α ≡ Σg/Σc ≈
0.51 at the truncation radius. This result was recently con-
firmed by MK01 who found from a sample of 32 well-studied
nearby spiral galaxies that α = 0.53± 0.2. However, Hunter,
Elmegreen, & Baker (1998, hereafter HEB98) measured α≈
0.25 for a sample of irregulars.
In an important paper, Elmegreen & Parravano (1994) pro-
posed that star formation requires only the coexistence of two
thermal phases in pressure equilibrium and suggested that the
fact that Q becomes high beyond the optical edge is partly
coincidental. They argued that high values of the Q param-
eter prevent star formation indirectly by removing the ability
of the gas to form the high pressure regions that are required
for the existence of a multiphase interstellar medium (ISM).
The need for a cool phase was also emphasized by Gerritsen
& Icke (1997), HEB98, Hunter, Elmegreen, & van Woerden
(2001), Billett, Hunter, & Elmegreen (2002), and Elmegreen
(2002).
There has been little discussion in the literature on the ap-
propriate value of the velocity dispersion σ (but see Fergu-
son et al. 1998), which is difficult to measure observationally
and is usually assumed to be independent of radius. K89 and
MK01 assumed a constant value of 6 kms−1, while HEB98
used 9 kms−1 for their sample of irregular galaxies. It is in-
teresting to note that the difference in the assumed velocity
dispersion can account for the discrepancy in α between spi-
rals and irregulars found by HEB98. If HEB98 had assumed
σ = 6 kms−1, they would have measured α ≈ 0.37 instead of
0.25, which would have agreed with the result obtained by
K89 and MK01 at the 0.8 σ level.
Since the cold phase has a temperature that is roughly
1 The Toomre criterion for a gaseous disk depends on the sound speed.
However, most studies use the 1-D velocity dispersion σ = cs/
√
γ instead,
where γ is the ratio of specific heats. To correct for this, the values for α
quoted from these papers (K89, MK01, and HEB98) have been multiplied
by a factor 1/√γ, assuming γ = 5/3 (which is incorrect if the gas is highly
molecular or if the velocity dispersion is dominated by turbulence). In addi-
tion, the values quoted by K89 and HEB98 have been multiplied by a factor
pi/3.36 because they used the Toomre criterion for a stellar disk instead of
that for a gaseous disk.
2 Schaye
two orders of magnitudes lower than that of the warm phase
(T ∼ 102 K vs. 104 K), and thus a thermal velocity dispersion
that is smaller by a factor 10, it seems reasonable to assume
that the phase transition has important consequences for the
stability of the disk. Indeed, the importance of cooling below
104 K to the instability of disks has been recognized in other
contexts, such as the formation of the first objects from gas
free of metals and dust (e.g., Corbelli & Salpeter 1995; Cor-
belli, Galli, & Palla 1997; Oh & Haiman 2002). However,
since the presence of even modest amounts of dust enhances
the formation rate of molecular hydrogen by orders of mag-
nitude, the results of these studies are probably only valid for
the first generation of stars.
Here we investigate the importance of the transition from
the warm (T ∼ 104 K) to the cold (T ∼ 102 K) interstel-
lar phase to the stability of disk galaxies using a model of a
gaseous, exponential disk embedded in a dark halo. The disk
is self-gravitating, contains metals and dust, and is illuminated
by UV radiation. The main conclusions are that 1) The tran-
sition to the cold phase occurs at a surface density that agrees
with the empirically derived threshold surface density for star
formation (e.g., Skillman 1987), which supports the idea of
Elmegreen & Parravano (1994) that the existence of a cold
phase is critical for star formation; 2) The large decrease in
the thermal velocity dispersion associated with the transition
to the cold phase triggers gravitational instability on a large
range of scales.
Because the gas is thermally unstable at intermediate tem-
peratures (Field 1965) and because self-shielding from the
photodissociating UV-radiation provides a positive feedback
loop, the transition from the warm, atomic to the cold, molec-
ular phase is fairly sudden. Assuming hydrostatic equilib-
rium (i.e., a self-gravitating disk), we find that the critical
surface density is about Σc ∼ 3–10 M⊙ pc−2 (NH ,crit ∼ 3–
10×1020 cm−2), which corresponds to a pressure P/k∼ 102–
103 cm−3 K and a volume density nH ∼ 10−2–10−1 cm−3. The
threshold surface density is insensitive to the exact values of
model parameters such as the intensity of the UV radiation,
the metallicity, the turbulent pressure, and the mass fraction
in collisionless matter.
An important result obtained in this work is that the phase
transition triggers gravitational instability even in the pres-
ence of relatively strong turbulence. The reason is that tur-
bulent support increases the surface density required for the
phase transition by about as much as it increases the veloc-
ity dispersion of the gas, thereby leaving the Q parameter at
the radius of the phase transition nearly unchanged. Indeed,
we find that the turbulent pressure needs to be more than 250
times greater than the thermal pressure to prevent the phase
transition from triggering gravitational instability. For the
atomic phase this would correspond to a line of sight velocity
dispersion greater than 10(T/102 K)0.5 kms−1, which exceeds
the values typical for the outer parts of disks (8 kms−1; e.g.,
Lo, Sargent, & Young 1993; Meurer et al. 1996). In fact, there
is little room for turbulence in the extended gas disks. If the
gas is warm beyond the truncation radius, as predicted by our
model, the thermal velocity dispersion can fully account for
the observed H I line widths.
Although the hypothesis that the transition to the cold phase
sets the global star formation threshold in the outer parts of
galaxies is physically reasonable and, as we shall show, ap-
pears to be supported by observations, it is important to note
that there are other mechanisms that can trigger the forma-
tion of unstable, cold clouds. For example, shocks from spi-
ral density waves and swing-amplifier instabilities can locally
convert an otherwise purely warm phase into a multiphase
medium.2 However, to prevent photoionization from keeping
the gas warm, these regions would also need to have surface
densities exceeding the threshold for the formation of a cold
phase and the phase transition would still trigger instability on
small scales.
This paper is organized as follows. Before discussing the
model in detail in §3, we provide an intuitive derivation of
the Toomre criterion in §2. In this section we also derive
an equivalent instability criterion for the case when shear is
more important than the Coriolis effect in limiting the growth
of perturbations. Readers who want to get straight to the re-
sults can skip §2 and read only the first paragraph of §3. In
§4 we explore the physical cause of the existence of a criti-
cal radius for gravitational instability. In §5 scaling relations
are presented for the threshold surface density as a function
of the metallicity, the intensity of the UV radiation, the frac-
tion of the pressure that is non-thermal, and the fraction of
the mass in gas. This section also contains recipes for im-
plementing star formation thresholds in (semi-)analytic and
numerical models of galaxy formation. In §6 we compare
the model with observations and show that the predictions for
the threshold column densities and radii agree with the data.
Furthermore, it is shown that other predictions of the model,
including a sharp drop in the molecular fraction, are also sup-
ported by observations. It is also demonstrated that the model
correctly predicts the sizes of stellar disks and their variation
with disk scale length and mass. Finally, §7 contains a sum-
mary of the main conclusions.
2. GRAVITATIONAL INSTABILITY IN A ROTATING DISK
Although there are multiple derivations of the Toomre cri-
terion (e.g., Binney & Tremaine 1987) and the equivalent in-
stability criterion for shearing perturbations (e.g., Elmegreen
1993) in the literature, I have been unable to find a previous
derivation in terms of timescales. The derivations are included
here for pedagogical reasons.
Gravitational instability of a fluid requires that the self-
gravity of a perturbation exceeds its internal pressure. In
terms of timescales, a perturbation is gravitationally unstable
if the local dynamical timescale is smaller than the sound-
crossing timescale across the perturbation (or, equivalently, if
the size of the perturbation exceeds the local Jeans length).
The dynamical timescale for a perturbation of size λ and
surface density Σ within a thin disk is
tdyn ≡
√
λ
GΣ
∼
√
λ
a
, (3)
where a is the gravitational acceleration. The sound crossing
timescale is
tsc ≡ λ
cs
. (4)
Hence, stability against gravitational collapse requires
λ <
c2s
GΣ
. (5)
Pressure is not the only restoring force in a rotating disk.
Unless the circular velocity relative to the center of the galaxy
2 Note that consequences of star formation, such as expanding shells and
turbulence generated by supernovae, should not be taken into account when
computing a global star formation threshold even though they may be very
important for star formation in a multiphase ISM.
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scales as v∝ r−1, conservation of angular momentum forces a
perturbation to rotate around its own center, thereby providing
centripetal support. The natural timescale for the internal ro-
tation of the perturbation is the epicyclic period 2pi/κ, where
κ is the epicycle frequency,
κ2 = 2
(
v2
r2
+
v
r
dv
dr
)
. (6)
The equation of motion for a circular orbit can be obtained
by equating the dynamical timescale and the rotation period
trot, and the criterion for instability is tdyn < trot. For the in-
ternal rotation of a perturbation in a rotating disk we have
trot = 2pi/κ, and stability against gravitational collapse thus
requires
λ >
4pi2GΣ
κ2
≡ λcrit. (7)
Equations (5) and (7) cannot both be satisfied if c2s/GΣ <
4pi2GΣ/κ2, i.e., if csκ/2piGΣ < 1. As expected, this agrees
with the Toomre criterion, Q < 1, to within a dimensionless
factor of order unity (two). It is important to note that Q < 1
does not imply instability to perturbations of arbitrary wave-
lengths. Equations (5) and (7) indicate that perturbations with
λ < c2s/GΣ are stabilized by pressure, while perturbations
with λ > λcrit are stabilized by rotation.
For a perturbation of length λ, the exact dispersion relation
(see, e.g., equation [6-47] of Binney & Tremaine 1987) can
be solved to give the critical value of Q, below which the per-
turbation is unstable3,
Qc(λ) = 2
√
λ
λcrit
−
(
λ
λcrit
)2
. (8)
As before, perturbations with λ > λcrit are always stable. For
λ≪ λcrit equation (5) is recovered exactly. Hence, for small
wavelengths rotation is unimportant, and the Toomre criterion
asymptotes to the two-dimensional Jeans criterion.
Besides forcing perturbations to rotate around their cen-
ters (the Coriolis effect), galactic rotation can prevent the
collapse of perturbations through another mechanism: shear
(e.g., Elmegreen 1993; HEB98). If the disk is in differential
rotation, then perturbations will be unable to collapse unless
the shearing timescale is longer than the dynamical timescale.
The shear rate is given by Oort’s constant A,
t−1shr ∼ |A| ≡
1
2
r
∣∣∣∣dΩdr
∣∣∣∣ = 12
∣∣∣∣vr − dvdr
∣∣∣∣ . (9)
Stability against gravitational collapse requires tshr < tdyn, i.e.,
λ >
GΣ
A2
. (10)
Equations (5) and (10) cannot both be satisfied if Qshr is less
than unity, where
Qshr ≡ csAGΣ . (11)
The “Q parameter” for shearing perturbations is identical to
the Toomre parameter (equation 1), except that κ is replaced
by piA. In particular, the critical surface density is again pro-
portional to the velocity dispersion. The epicycle frequency is
compared with the factor piA in Fig. 1 for two galaxy models
(dot-dashed and dotted curves respectively).
3 A similar result can be derived from the relation 1/tdyn = 1/tsc + 1/trot .
The rotation curves of galaxies are observed to be flat in
the outer parts, i.e., dv/dr ≪ v/r. In this limit Qshear →
Qpi/2√2 ≈ 1.11Q. If the rotation curve is rising, then A can
be much smaller than κ, indicating that the Coriolis effect is
more important than shear for limiting the growth of pertur-
bations. For all galaxy models tested, the difference between
the two Q parameters at the transition to the cold phase turned
out to be small compared to the drop in the velocity dispersion
associated with this phase transition (see e.g. Fig. 2). Thus,
the presence of shear does not change the conclusion that the
phase transition causes instability. In the following we will
therefore generally only consider the Toomre criterion, not-
ing that using the shear criterion instead would yield nearly
identical results.
3. MODEL
To investigate the stability of disk galaxies, the model of
Mo, Mao, & White (1998, hereafter MMW98) for an ex-
ponential disk embedded in a dark halo, is combined with
the photoionization package CLOUDY (Ferland et al. 1998),
which includes most of the microphysics that is thought to
be relevant for the ISM. For each radius CLOUDY is used to
compute the equilibrium temperature and ionization balance
for a range of densities, modeling the disk as a constant den-
sity photo-dissociating region. From this grid of models, we
then pick the density for which the disk is in hydrostatic equi-
librium. The methods used to compute the density profile and
the thermal and ionization balance are discussed in detail in
sections 3.1 and 3.2 respectively. The results depend on the
metallicity Z, the UV radiation field I, and the dimensionless
factor f ≡ fg/ fth, where fg is the fraction of the mass in gas
and fth is the ratio of the thermal pressure to the total pres-
sure. We choose Z = 0.1Z⊙, I = 106 hydrogen ionizing pho-
tons cm−2 s−1, and f = 1 as our fiducial parameters, a choice
that is motivated in §3.3. In §5 we show how the results scale
with these parameters. In §4 we illustrate the results using
two galaxy models: models HSB and LSB have a mass M200
and a dimensionless spin parameter λ of (1012 M⊙,0.05) and
(5× 1010 M⊙,0.1) respectively (see §3.1 for further details).
The rotation curves for these models are shown in Figure 1.
The following cosmology will be adopted: total matter den-
sity Ωm = 0.3, vacuum energy density ΩΛ = 0.7, Hubble con-
stant H0 = 100 h kms−1 Mpc−1, h = 0.65. The helium mass
fraction is assumed to be Y = 0.24.
3.1. Dynamics
MMW98 provide an analytic model for a self-gravitating
disk embedded in a dark halo based on the following assump-
tions: (1) the disk contains a fraction md of the total mass;
(2) the disk contains a fraction jd of the total angular momen-
tum; (3) the disk is a thin, centrifugally supported structure
with an exponential density profile; (4) the disk is embedded
in a halo that initially had a NFW profile (Navarro, Frenk, &
White 1997), but responded adiabatically to the assembly of
the disk (remaining spherical while it contracted).
NFW found that the following density profile provides a
good fit to the equilibrium density profiles of the cold dark
matter (CDM) halos in their N-body simulations,
ρ(r)
ρcrit
=
δc
(r/rs)(1 + r/rs)2 , (12)
where ρcrit = 3H2/8piG is the critical density, δc is a character-
istic density, and rs is a scale radius. Defining the virial radius
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r200 as the radius within which the mean density is 200ρcrit, it
can be shown that
δc =
200
3
c3
ln(1 + c) − c/(1 + c), (13)
where c the halo concentration factor,
c≡ r200/rs. (14)
The NFW profile for the density distribution of a dark halo is
specified by the redshift (which we will set to zero), the cos-
mological parameters (Ωm,ΩΛ,H0), the concentration factor
c, and the mass M200 (defined as the mass interior to r200).
The disk is assumed to have an exponential surface density
profile,
Σ = Σ0 exp(−r/Rd), (15)
where Σ0 = mdM200/2piR2d and the disk scale length is given
by
Rd =
1√
2
( jd
md
)
λr200 fc(c)−1/2 fR(λ,c,md , jd), (16)
where fc and fR are dimensionless factors of order unity de-
fined by equations (23) and (32) of MMW98, and λ is the
dimensionless spin parameter of the halo,
λ≡ J |E|1/2 G−1M−5/2200 , (17)
where E is the total energy of the halo. The rotation curve is
computed assuming that the halo responds adiabatically to the
slow assembly of the disk as described in §2.3 of MMW98.
For a given redshift and cosmology, the MMW98 disk model
can thus be fully specified by the parameters, c, md , jd , λ, and
M200.
Most results will be presented for two model galaxies: a
high and a low surface brightness galaxy (models HSB and
LSB respectively). We set z = 0, c = 10, md = 0.05, and jd = md
for both models; MMW98 demonstrate that models with these
parameter values (and distributions of λ and M200 that fit
CDM simulations) agree with the observed Tully-Fisher re-
lation (but see Borriello & Salucci 2001). Models with c∼ 10
also provide good fits to the observed rotation curves of dwarf
galaxies (van den Bosch & Swaters 2001). Model HSB has
M200 = 1012 M⊙ (v200 ≈ 141 kms−1) and λ = 0.05, while
model LSB has M200 = 5× 1010 M⊙ (v200 ≈ 52 kms−1) and
λ = 0.1. Hence, the disk scale length is 4.7 kpc for model HSB
and 3.9 kpc for model LSB. The rotation curves for models
HSB and LSB are shown in Figure 1. The maximum circu-
lar velocity is 218 kms−1 for model HSB and 72 kms−1 for
model LSB. Figure 1 (dot-dashed curves) shows the epicycle
frequency. With this choice of parameters models HSB and
LSB are typical high and low surface brightness galaxies in
terms of their surface density profiles and rotation curves. We
have searched parameter space and checked that none of our
conclusions are specific to these particular models.
The disk is illuminated by an external radiation field. To
compute the thermal and ionization structure numerically, we
need to specify the full density profile ρ(r,z). For an isother-
mal, exponential disk, this distribution has been computed by
Spitzer (1942). However, since the radial variation in the tem-
perature is one of the key ingredients of the present work, we
cannot assume isothermality.
To simplify the numerics, the vertical density stratification
is neglected in the radiative transfer calculation, i.e., we as-
sume that the density varies smoothly with radius, but is a
step function in the z-direction. This assumption is reason-
able because the column density weighted density,
〈ρ(r)〉N ≡
1
Σ(r)
∫
ρ(r,z)2dz, (18)
which is the relevant density for the radiative transfer calcula-
tion, is close to the midplane density for realistic profiles. In
other words, in the region that contributes significantly to the
surface density, the density is of order the midplane density.
For example, for an isothermal, exponential disk the midplane
density is just 1.5 times the column density weighted density.
The density and the column density can be related using
the following argument. In (local) hydrostatic equilibrium the
thickness of the disk, i.e., the size of the region over which
the density is of order the characteristic density, is of order the
local Jeans length LJ. Thus, the column density is of order the
‘Jeans column density’ (see Schaye 2001a for a derivation),
NH ,J ≡ nHLJ ,
=
(
γk
µm2HG
)1/2
(1 −Y)1/2 f 1/2n1/2H T 1/2,
≈ 3.06× 1021 cm−2 µ−1/2 f 1/2
( nH
1 cm−3
)1/2
T 1/24 ,(19)
where γ is the ratio of specific heats, µ is the mean particle
weight in units of the hydrogen mass mH , nH is the hydro-
gen number density, T ≡ T4× 104 K, and f ≡ fg/ fth where
fg is the fraction of the mass in gas and fth is the ratio of
the thermal pressure to the total pressure. In the appendix it
is demonstrated that for an isothermal, purely gaseous disk
equation (19) agrees with the exact solution to within 2 per-
cent.
The hydrogen column density can be converted into a total
gas surface density using
Σg ≈ 1.05 M⊙ pc2
(
NH
1020 cm−2
)(
1 −Y
0.76
)
−1
. (20)
For fixed fg, there is a one-to-one relation between the total
pressure and the total hydrogen column density:
P =
nHkT
µ(1 −Y) fth ,
=
m2HG
fgγ(1 −Y)2 N
2
H ,
≈ kfg
(
NH
2.67× 1019 cm−2
)2
cm−3 K, (21)
where we used equation (19) to go from the first to the second
equality. Hence, any critical column/surface density can be
converted into an equivalent critical pressure.
Note that if a cold phase is present, the situation is likely
more complicated than our model suggests. The presence of a
cold phase leads to star formation and thus turbulence, and the
amount of turbulent support may be different for the differ-
ent phases. More importantly, feedback from star formation
produces a third, hot phase and large variations in the local
radiation field. The model used here ignores these and other
complications and can therefore not reliably predict the struc-
ture of a multiphase ISM. What it can do, however, is predict
what is relevant for the present study: the column density or,
equivalently, the pressure at which the transition to the cold
phase occurs.
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FIG. 1.— Circular velocity as a function of radius for models HSB (left) and LSB (right), showing the contributions of the halo (short-dashed curves) and those
of the disk (long-dashed curves). Also shown are the epicycle frequency (dot-dashed curves) and pi times Oort’s constant A (dotted curves), both in kms−1 kpc−1 .
3.2. Thermal and ionization balance
The thermal and ionization structure of the disk is com-
puted using the publicly available photoionization package
CLOUDY (version 94; Ferland et al. 1998, Ferland 2000),
modeling the disk as a plane-parallel slab of constant den-
sity and assuming both thermal and ionization equilibrium.
Illumination from two sides is approximated by doubling the
column densities computed for a model illuminated from one
side, which is reasonable if the disk is strongly self-shielded.
The heating and cooling rates are computed self-consistently
from the assumed incident continuum, which is described in
§3.3.
For a given total hydrogen column density NH , density nH ,
incident radiation field I, metallicity Z, and dust-to-metals ra-
tio, CLOUDY is used to compute the column densities in neu-
tral hydrogen NHI and molecular hydrogen NH2 , the tempera-
ture T , and the mean particle mass µmH (T and µ are first
computed using a multi-zone model of a photo-dissociation
region, but are then averaged over disk height z). CLOUDY
contains nearly all microphysical processes that are thought to
be relevant for the ISM and has been tested extensively on a
wide variety of problems. The reader is referred to the online4
documentation for details.
The disk model of MMW98 provides us with the surface
density as a function of radius. Since we do not know a pri-
ori the density for which the disk is in hydrostatic equilib-
rium (i.e., eq. [19] is satisfied), we use the two-step proce-
dure of Schaye (2001b) to compute the structure of the disk.
First, CLOUDY is used to compute T and µ for a grid of
(NH ,nH) models. Second, for each radius (i.e., for each value
of NH) those solutions (NH ,nH ,T (NH ,nH),µ(NH ,nH)) are se-
lected for which equation (19) is satisfied and which are stable
(dP/dnH > 0). If there are two stable solutions for a fixed NH ,
then the low temperature solution is selected because we are
interested in the smallest column density for which the cold
phase exists. Since the range of NH for which two solutions
are possible is small for all the models that were tested, pick-
ing the high temperature solution instead would not change
the results significantly. Note that if NH is large enough that
only the low temperature solution is possible, this does not
4 http://www.nublado.org.
mean that there is no warm phase, but merely that the fraction
of gas in the warm phase, which always exists at sufficiently
large scale heights, is small compared to that in the cold phase.
In summary, for each radius (i.e., surface density), we first
compute the equilibrium temperature and ionization balance
for a range of densities and then we pick the lowest temper-
ature solution for which the disk is thermally stable and in
hydrostatic equilibrium.
3.3. Fiducial parameter values
The parameters for the MMW98 disk model [c = 10, md =
0.05, jd = md , (M200,λ)HSB = (1012 M⊙,0.05), (M200,λ)LSB =
(5× 1010 M⊙,0.1)] have already been discussed in §3.1. In
this section we will motivate our fiducial values for the pa-
rameter f (recall that f ≡ fg/ fth where fg is the fraction of
the mass in gas and fth is the ratio of the thermal pressure to
the total pressure), the metallicity Z, the intensity of the UV
radiation I, and the dust-to-metals ratio. In §5 we will see
how the results change if different parameter values are used.
Fortunately, the star formation threshold turns out to be in-
sensitive to small (an order of magnitude or less) variations in
these parameter values.
It is unclear how the factor f can be measured, but it seems
reasonable to assume that f ∼ 1 beyond the critical radius for
star formation, since both the mass fraction in gas and the ratio
of the thermal to total pressure are likely to be close to unity
in the absence of star formation. For this reason we choose
f = 1 as our fiducial value.
The metallicity is measurable, although measurements
based on emission lines are generally only possible in regions
of ongoing star formation, while absorption studies require
the good fortune of a bright background source. Emission line
studies of H II regions indicate that the metallicity is generally
of order 10 percent solar near the optical edge (e.g., Ferguson
et al. 1998a; Henry & Worthey 1999). Studies of damped
Lyα absorption lines give similar values, although the scatter
is large (e.g., Pettini et al. 1999). We will use Z = 0.1 Z⊙ as
our fiducial value.
Comparisons of the relative abundance of refractory and
non-refractory elements in damped Lyα systems indicate that
the dust-to-metals ratio is about half that of the Galactic value
(e.g., Pettini et al. 1997; Vladilo 1998), and we will therefore
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use this as our fiducial value. The default dust composition
of CLOUDY is used, i.e., a mixture of silicates and graphites
with ISM properties. Depletion of metals onto dust grains is
taken into account, using CLOUDY’s default depletion fac-
tors.
The most uncertain parameter is undoubtedly the intensity
of the UV radiation. Measurements of the present-day in-
tensity of the extragalactic UV background provide a strong
lower limit of I ∼ 104.5 hydrogen ionizing photos cm−2 s−1
(ionization rate Γ ∼ 10−14 s−1) with an uncertainty of a fac-
tor of a few (Scott et al. 2002 and references therein). How-
ever, the UV radiation illuminating the thick gas disk just
beyond the critical radius is likely to be significantly more
intense than this, and could well show strong spatial fluctu-
ations. In addition to the extragalactic UV background (for
which we assume the spectral shape of the model of Haardt
& Madau 2001, which includes the extragalactic X-ray back-
ground, and the normalization of Scott et al. 2002), we use
a component with the spectral shape of the unextinguished
local interstellar radiation field of Black (1987) (using the
CLOUDY command “table ISM”) so that the total, i.e., ex-
tragalactic plus local, intensity of the UV radiation above 1
Rydberg is I photons cm−2 s−1. Finally, we add two more com-
ponents: the cosmic microwave background and a cosmic ray
density of 2× 10−9 cm−3. However, the addition of these last
two components does not have a significant effect on the star
formation threshold.
The model of Bland-Hawthorn & Maloney (1999; 2002, see
their Fig. 3) for the UV radiation field of the Galaxy, which
includes contributions from the bulge, disk, halo, and the cos-
mic background, predicts an intensity of order 106 ph cm−2 s−1
at the truncation radius of the Galaxy (≈ 12 kpc, Freudenreich
1998), and we take this as our fiducial value. For LSB galax-
ies and H II regions beyond the critical radius a lower value
may be more appropriate. In §5 it is shown that using just the
extragalactic radiation field, reduces the critical surface den-
sity only by about a factor two.
Apart from the normalization, the shape of the spectrum
also affects the surface density at which the phase transition
takes place. A harder spectrum increases the heating rates,
which increases the critical surface density. To test the sensi-
tivity to the assumed spectral hardness, we computed a model
using the spectral shape of the Haardt & Madau (2001) model
for the extragalactic background (which has a softness param-
eter S≡ΓHI/ΓHeII ≈ 5.6×102, whereas the spectrum of Black
1987 has S≈ 2.7×103) for the local UV radiation, leaving the
normalization unchanged. Again, the difference in the critical
surface density is only a factor of two.
4. THE PHYSICAL CAUSE OF STAR FORMATION THRESHOLDS
The solid curves in figure 2 show the Toomre Q parame-
ter as a function of radius for models HSB (left) and LSB
(right). At the critical radius rc the Q parameters drop sharply
from Q > 2 at r > rc to values smaller than unity at r < rc
(rc≈ 4.3Rd for model HSB and≈ 1.7Rd for model LSB). This
sudden decrease is associated with a similar drop in the tem-
perature (dashed curves) from T ≈ 104 K to < 103 K and with
a sharp increase in the molecular hydrogen fraction (the dot-
dashed curves in figure 2 show 5 + log fH2 ) from fH2 ≪ 10−3
to more than 10−3.
As discussed in §2, besides the Coriolis effect, which the
Toomre criterion takes into account, shear is another conse-
quence of galactic rotation which can prevent the growth of
perturbations. The dotted curves in figure 2 show that, as ex-
pected (see §2), the instability parameter for shearing pertur-
bations, Qshr, shows a similar behavior as the Toomre Q pa-
rameter, indicating that shear cannot stabilize the cold phase.
The fact that Q is significantly greater than unity for r > rc
and then drops sharply to Q < 1 at r ≈ rc implies that it is the
transition to the cold phase that causes gravitational instability
and not vice versa. Note that since both the surface density
(Fig. 2, triple-dot–dashed curves) and the epicycle frequency
(Fig. 1, dot-dashed curves) vary smoothly across rc, it must
be the decrease in the sound speed associated with the phase
transition that causes the drop in Q.
As discussed in §2, Q < 1 only implies instability to pertur-
bations of size λcrit/2, which is typically & kpc in the outer
disk. Instability on smaller scales requires smaller values of
Q (see eq. [8]). Figure 3 demonstrates that perturbations with
λ≪ λcrit do become unstable in the cold phase. The dash-
dotted curves indicate the Q thresholds required for the in-
stability of perturbations with wavelengths of (top to bottom)
103, 102, and 10 pc respectively. The sharpness of the drop in
the Q value associated with the phase transition causes fluc-
tuations of 1 kpc and 102 pc to become unstable at nearly the
same surface density.
The transition to the cold phase coincides with a large in-
crease in the molecular fraction. This is because the den-
sity, and thus the H2 formation rate, must increase as the
temperature decreases to prevent a drop in the internal pres-
sure. Furthermore, the higher molecular fraction increases
the cooling rate, providing a positive feedback loop. Other
reasons why the transition to the cold phase is sudden are
that the gas is thermally unstable at intermediate temperatures
(T ∼ 103 − 104 K) and that the increase in the molecular frac-
tion enhances the self-shielding from photodissociating radi-
ation, thereby providing another positive feedback loop.
After the phase transition the gas is gravitationally unsta-
ble and will fragment into clouds with a higher column den-
sity than the azimuthally averaged column density used in the
models. This will make self-shielding more effective and will
thus lead to a further decrease in the temperature and a further
increase in the molecular fraction. This self-reinforcing pro-
cess of cooling and collapse will not continue indefinitely, as
the clouds will eventually become opaque to their own cool-
ing radiation. Observations indicate that molecular clouds do
form stars and it therefore seems plausible to associate the
transition to the cold phase, which we have shown to trigger
gravitational instability on a large range of scales, with the
critical radius for star formation. In §6 we will show that the
observations support this hypothesis.
Equation (19), which assumed local hydrostatic equilib-
rium, shows that if the temperature T , the mean molecular
weight, and the factor f (≡ fg/ fth, where fg is the fraction of
the mass in gas and fth is the ratio of the thermal to the total
pressure) are constant, as is roughly the case beyond the crit-
ical radius where only the warm phase is present, then there
is a one to one relation between density and column density
or, equivalently, pressure. For fixed T , f , metallicity Z, and
UV radiation field I, the existence of a cold phase depends
on the density and the column density. Because the latter
two are related one-to-one, the phase transition occurs at a
fixed surface density (logNH ,crit ≈ 20.75 for our fiducial pa-
rameters). Hence, there exists a threshold surface density for
star formation, which does not depend on the rotation curve
of the galaxy. The difference in the critical radii between
the two models can therefore be explained in terms of their
surface density profiles (Fig. 2, triple-dot–dashed curves).
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FIG. 2.— The Toomre Q parameter (solid curves), the temperature log T (dashed curves), the molecular fraction 5 + log fH2 (dot-dashed curves), the surface
density logΣ(M⊙ pc−2) (triple-dot–dashed curves), and the Q parameter for shearing pertubations (dotted curve) are all plotted as a function of radius for models
HSB (left) and LSB (right). The sudden drop in the Q values coincides with (and is caused by) a similar drop in the temperature, and a sharp increase in the
molecular fraction. The transition to the cold phase, which coincides with the onset of gravitational instability (Q < 1), occurs at a fixed surface density. Note that
the models become unrealistic shortwards of the critical radius, where feedback from star formation will increase the UV field, the metallicity, and the turbulent
pressure.
FIG. 3.— The Toomre Q parameter as a function of radius (thick solid curves) for models HSB (left) and LSB (right). The solid horizontal line indicates
Q = 1. The sudden drop in the Q-value is caused by the transition to the cold phase. The dotted curves indicate the Q values below which the disk in unstable
to perturbations with wavelengths of (top) 103 , (middle) 102 , and (bottom) 10 pc. Assuming a constant velocity dispersion of 6 km s−1 leads to large errors
in the Q-parameter (thick dashed curves). The transition to the cold phase, which causes gravitational instability (Q < 1), occurs at about the radius where
Q(σ = 6 km s−1) = 1/0.53 (intersection of thick dashed curves with horizontal dashed lines), the empirical star formation threshold of MK01. This implies that
the hypothesis that the star formation threshold is associated with the transition to the cold phase, is consistent with the observations. Note that the models
become unrealistic shortwards of the critical radius, where feedback from star formation will increase the UV field, the metallicity, and the turbulent pressure.
Low surface brightness galaxies have lower surface densities,
and therefore smaller optical radii (relative to their disk scale
lengths). Note that in reality the situation could be more com-
plicated if the values of the model parameters ( f , Z, I) dif-
fer systematically between the outer disks of HSB and LSB
galaxies.
Although the calculation of the radius within which the disk
is unstable to star formation is robust, the detailed predictions
of the models may be unrealistic for r < rc. The model effec-
tively predicts its own demise: within the critical radius feed-
back from star formation will modify the thermal and ioniza-
tion structure of the disk and will generate turbulence, possi-
bly leading to self-regulation of the SFR such that Q≈ 1. The
energy injected by young stars and supernovae will also con-
vert gas from the cold phase into the warm and/or a third (hot)
phase, and may introduce large fluctuations in the UV radia-
tion. The models presented here may therefore be inadequate
for studying star formation in the multiphase ISM. However,
we emphasize that the prediction of widespread star forma-
tion at r < rc is robust, since the conditions that invalidate the
model are consequences of this prediction.
It should, however, be noted that there are physical pro-
cesses that have not been included in the models, which could
result in the formation of high column density clouds in an
otherwise warm phase. Examples are swing-amplifier insta-
bilities, gravity-driven turbulence, infalling gas clouds, and
spiral density waves. However, to form stars a cold phase is
still required and consequently regions unstable to star forma-
tion should still have surface densities that exceed the thresh-
old value. Hence, the local surface density threshold for star
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formation would remain unchanged, but the conclusion that
the phase transition triggers gravitational instability may no
longer be correct, except for small-scale perturbations. Re-
gardless of what comes first, such processes break the axisym-
metry that was assumed in the models, and will thus break
the one-to-one relationship between surface density and ra-
dius. This would complicate the interpretation of azimuthally
smoothed observations, but it would not be in conflict with
our criterion for star formation, which is a local threshold.
4.1. The effects of turbulence
Turbulence both prevents and promotes gravitational insta-
bility. It inhibits global collapse because it provides an addi-
tional source of pressure, but it can trigger local instability by
creating density fluctuations. We will discuss each of these
effects in turn.
Since the warm phase is gravitationally stable even in the
absence of turbulence, increasing the amount of turbulent sup-
port will not change the conclusion that the presence of a
cold phase is necessary for small-scale gravitational instabil-
ity. However, if the turbulence is sufficiently strong, the pres-
ence of a cold phase may no longer be sufficient for instability.
Turbulent support affects the Q parameter at the phase transi-
tion in two opposing ways. First, turbulent pressure increases
the stability of the disk, approximately as5 Q ∝ f −0.5th (recall
that fth ≡ Pth/P ∝ σ2th/σ2). Second, it increases the critical
surface density for the transition to the cold phase (because
it decreases the equilibrium density corresponding to a fixed
surface density; see eq. [19]), which leads to a decrease in
the Q parameter at the phase transition. In the next section
we will show that this critical surface density scales approxi-
mately as Σcrit ∝ f −0.3th . Thus, increasing the turbulence shifts
the phase transition to higher surface densities (i.e., smaller
radii) and increases the Q-value at this radius, approximately
as Q ∝ f −0.5th f 0.3th = f −0.2th . Given that Q is very small within
the critical radius for fth = 1 (see, e.g., Fig. 2), it is clear that
extremely large turbulent pressures are required to shift the
instability to radii smaller than the radius of the phase transi-
tion.
Indeed, in our models the phase transition triggers instabil-
ity for values of fth as low as 1/250, which corresponds to a
line of sight velocity dispersion of 10(T/102 K)0.5 kms−1 (for
model LSB the derived critical surface densities exceed the
central surface density if fth ≪ 10−1). Higher turbulent pres-
sures are ruled out as they would result in line of sight velocity
dispersions that are significantly greater than the 8 kms−1 that
is typical for the extended H I disks of galaxies (e.g., Lo et al.
1993; Meurer et al. 1996).
Since turbulence locally compresses gas it can also induce
instability. If the compression is sufficiently strong and hap-
pens on a timescale short compared with the cooling time,
then the compressed gas could become gravitationally unsta-
ble while it is still in the warm phase. This situation is com-
mon in the multiphase ISM, where feedback from star forma-
tion is known to generate supersonic turbulence. As long as
the turbulence is generated by feedback from star formation,
we can ignore it for our purposes because we are only con-
cerned with the validity of the models in the absence of star
formation. There are, however, other processes capable of
generating turbulence, such as swing-amplifier instabilities,
shocks from spiral density waves, and infalling gas clouds.
5 This scaling is only correct if magnetic pressure is negligible.
FIG. 4.— The ratio of the most unstable wavelength λcrit/2 (unstable for
Q< 1) relative to the disk thickness (∼ LJ ) as a function of radius. Longward
of the critical radius for star formation, λcrit is much smaller than the disk
thickness, thereby invalidating the assumption that the disk is thin.
Although turbulence likely plays a central role in the mul-
tiphase ISM, there is in fact very little room for turbulence
in the outer disk, because thermal motions in the gas heated
by (extragalactic) UV radiation can by itself account for the
observed widths of the H I lines. Indeed, proposed sources
of turbulence in the extended gas disk appear unable to ac-
count for the observed velocity dispersion. Sellwood & Bal-
bus (1999) estimate that MHD turbulence may result in a
turbulent velocity dispersion of 6 kms−1 (depending on the
unknown strength of the magnetic field) and simulations by
Wada, Meurer, & Norman (2002) show that gravity driven
turbulence yields a velocity dispersion of only 2 − 3 kms−1 in
the outer disk. Thus, it appears likely that the turbulence in
the extended gas disk, where there is no feedback from star
formation, is mostly subsonic.
4.2. On the applicability of the Toomre criterion
In this section we further diminish the role of the Toomre
criterion for star formation in the outer parts of galaxies by
showing that it is not applicable to the warm extended gas disk
and that it reduces to the Jeans criterion for the cold phase.
From equation (19) it can be seen that the disk thickness is
about,
LJ ∼ 4.4 kpc
(
NH
1020.75
)
−1
f T4. (22)
Thus, the transition from the cold to the warm phase results
in a large increase in the disk scale height, and the disk is
predicted to flare beyond the critical radius. However, in re-
ality the flaring may be much less pronounced than predicted
by equation (22) because the increase in T will be partially
offset by a decrease in fg (and thus f ), because the effect of
the dark halo may not be negligible for the warm, outer disk
(e.g., Maloney 1993; Olling 1995). Moreover, if star forma-
tion is indeed ubiquitous when a cold phase is present, then
the resulting turbulent pressure would decrease fth (and thus
increase f ) within the critical radius.
Figure 4 demonstrates that the Toomre analysis is invalid
for the warm, outer disk because the assumption that the disk
is thin breaks down. The figure shows the ratio of the most
unstable wavelength λcrit/2 (i.e., the wavelength of perturba-
tions for which Qc = 1; see eq. [8]) to the disk thickness LJ
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(assuming f = 1), as a function of radius. Outside the critical
radius the ratio λcrit/2LJ is much smaller than unity, implying
that the disk cannot be considered to be thin when investigat-
ing the stability of perturbations of size λ ∼ λcrit/2. Since a
thick disk is more stable than a thin disk (Romeo 1992), this
reinforces the conclusion that the warm phase is gravitation-
ally stable. The transition to the cold phase results in a large
decrease in the disk scale height, and the assumption that the
disk is thin does hold shortwards of the critical radius (λcrit
depends only on Σ and κ [see eq. [7)] and therefore varies
smoothly across the critical radius).
The assumption that the disk is thin always becomes invalid
for sufficiently small wavelengths. Figure 3 shows that the
phase transition triggers instability on a large range of length
scales. For perturbations with λ≪ λcrit, rotation is unimpor-
tant, and the Toomre criterion is equivalent to the Jeans cri-
terion (see §2). Note, however, that since LJ ∼ 102 pc in the
cold phase (eq. [22]), the assumption that the disk is thin is
only marginally valid for the smallest wavelengths that are
predicted to be unstable.
Thus, for models HSB and LSB rotation has no effect on
the star formation threshold in the outer disk. However, since
the epicycle frequency diverges at r = 0, rotation will formally
always stabilize the innermost parts of the disk. For example,
rotation is responsible for the upturn in the Q parameter at
r < 0.3Rd that can be seen in figures 2 and 3 for model LSB.
This effect is a direct consequence of the assumption that the
galaxy can be described by a thin exponential disk all the way
to r = 0. In reality this assumption breaks down and the epicy-
cle frequency does not diverge. We have checked a wide va-
riety of galaxy models and find that rotation can only stabi-
lize the cold phase in the innermost part of the disk, r ≪ Rd ,
where the epicycle frequency starts to diverge. The model
predictions for the critical radius are therefore robust as long
as rc & Rd , as is the case for observed disk galaxies. Note,
however, that if one is interested in galaxies that are close to
being completely dark [Σ(r = 0)≈ Σcrit], then any model that
is based on a thin, exponential disk will give misleading re-
sults.
5. STAR FORMATION RECIPES
The critical surface density or, equivalently, the critical
pressure above which a cold phase exists, depends on the fac-
tor f ( f ≡ fg/ fth, where fg is the mass fraction in gas and fth
is the ratio of the thermal to total pressure), the metallicity Z,
the intensity of the UV radiation I, and the dust-to-metals ra-
tio. Because the critical radius for star formation in the outer
disk is set by the transition to the cold phase, the star forma-
tion threshold is insensitive to the rotation curve of the galaxy.
In this section we will present scaling relations for the critical
surface density for star formation, which can be used in (semi-
)analytic models of galaxy formation and evolution. Finally,
we will present critical volume densities, which can be used to
implement star formation thresholds in hydrodynamical sim-
ulations.
The sign of the dependence of the critical surface density
on the various parameters is easy to predict: the phase tran-
sition occurs at a higher column density if the fraction of the
mass in a collisionless component is lower ( fg higher), if the
non-thermal pressure is higher ( fth lower), if the metallicity
and dust content are lower (Z lower), and if the UV radiation
is more intense (I higher). The exact scaling relations are,
however, difficult to compute analytically. We will therefore
simply provide fits to the results of our numerical calculations.
The following empirical formula provides a satisfactory fit
to the column density at which the temperature is 500 K,
logNH(T = 500K)≈ 20.75 (23)
+0.29log( f ) + 0.0052log2( f )
−0.32log(Z/0.1Z⊙) − 0.047log2(Z/0.1Z⊙)
+0.23log(I/106 cm−2 s−1) + 0.027log2(I/106 cm−2 s−1).
The column density for which the molecular fraction reaches
one part in a thousand is fit well by the following formula,
logNH( fH2 = 10−3)≈ 20.75 (24)
+0.31log( f ) + 0.0025log2( f )
−0.32log(Z/0.1Z⊙) − 0.051log2(Z/0.1Z⊙)
+0.26log(I/106 cm−2 s−1) + 0.025log2(I/106 cm−2 s−1).
Finally, the following formula provides a good fit to the mini-
mum column density for which the Toomre parameter equals
unity
logNH(Q = 1)≈ 20.68 (25)
+0.28log( fg) + 0.020log2( fg)
−0.35log( fth) + 0.030log2( fth)
−0.30log(Z/0.1Z⊙) − 0.047log2(Z/0.1Z⊙)
+0.22log(I/106 cm−2 s−1) + 0.041log2(I/106 cm−2 s−1).
The formulas given above can be used to implement star
formation thresholds in (semi-)analytic models of galaxy for-
mation and evolution. The fits were determined by running
the model described in §3 for varying values of the parameters
fg, fth, Z, and I. Each parameter was first varied separately,
then the fits were optimized by varying multiple parameters
simultaneously. Tests show that the errors in the fits to the
predicted critical column densities are smaller than 0.25 dex
over (at least) the range f = 10−3 − 102, Z = 10−4 − 10 Z⊙, and
I = 104 − 108 photons cm−2 s−1, with the exception of NH (T =
500 K), which can be significantly in error for Z & 3Z⊙ be-
cause the large metal abundance causes the gas to cool below
500 K before the molecular fraction reaches 10−3 and the disk
becomes unstable.
Although the above formulas fit the results of the models
to within 0.25 dex, the systematic errors caused by the limi-
tations of the model may be somewhat larger than 0.25 dex.
In particular, our simplified prescription for hydrostatic equi-
librium (see §3.1), cannot be expected to predict the critical
surface densities with an accuracy better than a factor of a
few. For example, the Jeans length is often defined with a fac-
tor of
√
pi that was not included in equation (19). The effect
of including this factor is equivalent to setting fg = pi; i.e., the
normalization of the three critical surface densities would be
increased by about 0.15 dex.
Note that NH(Q = 1) depends explicitly on fth because the
Q parameter depends directly on the turbulent velocity dis-
persion. However, NH(Q = 1) scales with fth in roughly the
same way as NH(T = 500 K) and NH ( fH2 = 10−3). Because the
drop in the thermal velocity dispersion is large compared with
the variation in the epicycle frequency at the phase transition,
NH(Q = 1) is very insensitive to κ. We have tested a wide va-
riety of galaxy models6 and find that equation (25) works as
6 The following parameter ranges were tested: λ jd/md = 0.01 − 0.3, c =
1 − 100, md = 0.005 − 1.0, M200 = 109 to 5× 1013 M⊙.
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long as rc & Rd . As discussed in §4.2, for r ≪ Rd the epicy-
cle frequency diverges and the innermost parts of disks are
thus formally stabilized by rotation. However, for r ≪ Rd the
scale height is no longer small compared to the radius and the
Toomre criterion is not applicable. Furthermore, the centers
of disk galaxies are generally dominated by a bulge compo-
nent.
All three of the above formulas yield critical surface densi-
ties that depend only weakly on the values of the parameters
f , Z, and I. Typically, a parameter has to change by a factor
∼ 103 for the threshold surface density to change by a factor
10. The reason for this insensitivity to the values of the model
parameters is hydrostatic equilibrium. For example, naively
one might think that an increase of the UV radiation by a fac-
tor of 10 would result in a similar increase in the critical sur-
face density. However, in hydrostatic equilibrium the volume
density scales as the surface density squared (see eq. [19])
and because the cooling rate and the formation rate of molec-
ular hydrogen increase with increasing density, the increase
in the critical surface density is only about a factor of 2. It is
important to note that if we had not assumed the disk to be
self-gravitating (i.e., in approximate hydrostatic equilibrium),
then agreement between the critical surface density and the
observed star formation threshold would have required fine-
tuning the parameters of the model.
The fact that equation (25) works for both models HSB and
LSB, and that NH(Q = 1)≈ NH(T = 500 K)≈ NH ( fH2 = 10−3)
is consistent with the conclusion that the transition to the cold
phase causes gravitational instability and that this transition
coincides with a sharp increase in the molecular fraction (i.e.,
from fH2 ≪ 10−3 to fH2 > 10−3). Using T = 103 K, or a
molecular fraction smaller by one or two orders of magnitude
gives almost identical results. The hydrogen column densities
quoted above can be converted into surface densities using
equation (20) and into pressures using equation (21). For ex-
ample, the surface density and pressure corresponding to our
fiducial threshold column density, logNH = 20.75 (in cm−2),
are logΣ = 0.77 (M⊙ pc−2) and logP/k = 2.6 (cm−3 K).
Although a critical column density is useful for (semi-
)analytic work, it is of little use if only the volume density
is known, as is generally the case for three-dimensional hy-
drodynamical simulations. Fortunately, assuming (approxi-
mate) hydrostatic equilibrium, the critical column density can
be converted into a critical volume density using equation
(19), provided that µ and T are known. For densities slightly
below the threshold value, the gas will be warm and nearly
fully atomic, and we can therefore assume T ≈ 104 K and
µ = 1/(1 − 3Y/4) (≈ 1.22 for Y = 0.24). Thus, a physically
reasonable star formation recipe for a hydrodynamical sim-
ulation that lacks the physics needed to compute the tran-
sition to the cold phase self-consistently, is to convert gas
elements with T ∼ 104 K and density greater than a criti-
cal value computed from equation (19) and one of the fit-
ting formulas above. For example, for our fiducial parame-
ters ( f = 1, Z = 0.1Z⊙, I = 106 cm−2 s−1) the critical density is
nH ,crit ≈ 4× 10−2 cm−3.
6. COMPARISON WITH OBSERVATIONS
In the previous sections it was argued that the transition to
the cold phase leads to gravitational instability and star for-
mation. This hypothesis leads to several predictions:
• Below the threshold surface density both the fraction of
gas in the cold phase and the molecular fraction decline
rapidly.
• The critical surface density depends (weakly) on the gas
fraction, the amount of turbulence, the metallicity, and
the intensity of the UV radiation. For reasonable pa-
rameter values the threshold surface density is Σc ∼ 3–
10 M⊙ pc−2 (NH ,crit ∼ 3–10× 1020 cm−2), which corre-
sponds to a pressure P/k∼ 102–103 cm−3 K.
• Star formation thresholds are local: SF will occur wher-
ever the gas surface density exceeds the local threshold
value.
• If the disk has an exponentially declining surface den-
sity and is approximately axisymmetric, then the disk
mass can be predicted if the critical radius rc and the
disk scale length Rd are measured.
In the remainder of this section we will discuss these predic-
tions in detail and compare them with observations.
6.1. Star formation thresholds
Strong, direct evidence in favor of the hypothesis that the
transition to the cold phase leads to star formation comes from
high-resolution H I observations of 11 nearby spiral galaxies
by Braun (1997). Braun found that the H I emission can be
separated into two distinct components, associated with the
cold and the warm phases respectively: (1) a high-brightness
filamentary network that is marginally resolved at 150 pc and
has a velocity FWHM less than 6 kms−1 and (2) a diffuse in-
terarm and outer disk component. While the cold component
accounts for 60%–90% of the line flux within the star forming
disk, its contribution plummets abruptly near the edge of the
optical disk.
Two further predictions of the model are that the critical
surface density should be insensitive to the rotation curve and
that the molecular fraction should rise sharply at the critical
surface density. The fact that a fixed surface density threshold
Σg ∼ 10 M⊙ pc−2 (logNH ∼ 21) describes the observations
reasonably well, has been known for some time (e.g., Skill-
man 1987; Taylor et al. 1994; Ferguson et al. 1998b; Lelièvre
& Roy 2000) and the results of MK01 confirm this (see their
Fig. 9, bottom). This critical value is close to the prediction
for our fiducial parameter values: logNH ,crit ≈ 20.75. It is in-
teresting to note that the observed scatter in Σg(rc) is smaller
than the scatter in Q(rc) (compare Figs. 8 and 9, bottom,
of MK01). Finally, MK01’s figure 6 demonstrates that the
molecular fraction indeed rises sharply at Σg ∼ 10 M⊙ pc−2
(see Wong & Blitz 2002 for additional evidence).
The sample of MK01 contains seven “subcritical” disks,
i.e., galaxies for which Q(σ = 6 kms−1) never reaches the crit-
ical value in the region of active star formation. However,
inspection of their figure 5 (bottom) shows that all but one
of these galaxies have Σg ∼ 10 M⊙ pc−2 for r < rc. The one
exception is NGC 4698, which is thought to have had its gas
removed in a recent collision with another galaxy (Valluri &
Jog 1990). Examples of disks with widespread star formation
that are subcritical according to the K89 criterion, but which
have Σ & 10 M⊙ pc−2, have also been found in other studies
(e.g., Thornley & Wilson 1995; Wong & Blitz 2002). Thus,
observations indicate that a constant critical surface density
works even when the K89 criterion fails.
Although the critical surface density predicted by the mod-
els for the fiducial parameter values is close to the observed
value, the difference would have been somewhat greater if we
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had used a radiation field with an intensity as small as ex-
pected for a purely extragalactic background. In §5 it was
shown that using the extragalactic value (log I ∼ 4.5 photons
cm−2 s−1) instead of our fiducial value (log I = 6), would yield
a critical column density that is about a factor of two lower:
logNH ,crit ≈ 20.4. On the other hand, if we had allowed for
some turbulence, the agreement would have improved. For
example, using fth = 0.1 (note that the total velocity dispersion
is σ ≈ 9 kms−1
√
T4/ fth) would increase the critical column
density by about a factor of 2. The bottom line is that because
of uncertainties in the model parameters, as well as systematic
errors due to the limitations of the model, the predictions for
the critical surface density are only accurate to within a factor
of a few.
At present it is not even clear whether a threshold surface
density of logNH ,crit ≈ 20.4 is ruled out by the observations.
The reason is that the value of 10 M⊙ pc−2 is derived from
azimuthally averaged observations. Ferguson et al. (1998b;
see their Fig. 2) found that although the azimuthally averaged
critical value is of order 10 M⊙ pc−2, individual H II regions
have surface densities as low as 2 to 4 M⊙ pc−2 (logNH ≈ 20.3
- 20.6). The reason for the difference between local thresholds
and the thresholds derived from azimuthally averaged obser-
vations could be spiral structure: if one defines the critical
radius as the radius within which SF is ubiquitous, i.e., not
confined to the spiral arms, then the interarm surface density
will be near the threshold value, but the azimuthally averaged
surface density will be larger.
Note that it does not make sense to measure the critical sur-
face density without specifying the smoothing scale. After the
surface density increases beyond the threshold value, the gas
will fragment and the surface density of the individual clouds
could become very large. The smoothing scale relevant for
testing global star formation thresholds is probably similar to
the size of H II regions.
It is interesting to compare the predicted critical column
density for the phase transition with UV absorption line stud-
ies, which find that the transition occurs at logNH ≈ 20.3–
20.8 in the Galaxy (Savage et al. 1977) and at logNH ≈ 20.7–
21.2 in the Large Magellanic Cloud (Tumlinson et al. 2002).
Using solar metallicity for the Galaxy, equation (25) predicts
logNH ,crit ≈ 20.5, in excellent agreement with the observa-
tions. Using a metallicity Z = 0.2Z⊙ for the LMC (e.g., Welty
et al. 1999), we predict logNH ,crit ≈ 20.7, which agrees with
the lower range of the observed values. Since the LMC is ac-
tively forming stars, higher values of f and/or I may be more
appropriate, in which case the predicted critical column den-
sity would be somewhat higher.
If gravitational instability is triggered by the drop in the
velocity dispersion associated with the transition to the cold
phase, then one would expect the function Q(r) to be very
different depending on whether the velocity dispersion is as-
sumed to be constant, as is usually done in observational stud-
ies, or not. One may therefore reasonably ask why the Toomre
criterion, combined with the assumption of a fixed velocity
dispersion, has been reasonably successful in predicting the
critical radius for star formation in spiral galaxies (e.g., K89;
MK01).
Figure 3 shows a comparison of the real Q parameters (thick
solid curves) and those computed under the assumption that
σ = 6 kms−1 (thick dashed curves). Indeed, it is clear that the
latter assumption leads to large errors in the Q parameter. The
difference is particularly large for model LSB, whose entire
disk is predicted to be stable if σ = 6 kms−1. Hence, unless
the velocity dispersion is set to the value appropriate for the
transition to the cold phase (T ∼ 103 K, σ≈ 3 kms−1), assum-
ing a constant velocity dispersion will yield a critical Toomre
parameter different from unity.
Indeed, MK01, who carried out a thorough study of star
formation thresholds in disk galaxies assuming σ = 6 kms−1,
found that the Toomre criterion only works if one takes Q ≈
2.0 as the critical value. Figure 3 shows that for both mod-
els HSB and LSB the critical radius, i.e., the radius for which
Q = 1 (intersection of thick solid curve with solid line), is al-
most identical to the radius at which Q(σ = 6 kms−1) = 2 (in-
tersection of thick dashed curve with horizontal dashed line).
This remarkable agreement shows that the model predictions
are consistent with the empirical relation of MK01. Further-
more, because the difference in the assumed velocity disper-
sion can account for the claimed difference between the crit-
ical Q values for irregular (HEB98; Hunter et al. 2001) and
spiral galaxies (K89; MK01), as discussed in §1, the model
predictions also agree with observations of irregular galaxies.
In short, observations support the hypothesis that the tran-
sition to the cold phase determines the critical surface density,
and that rotation has little effect on the star formation thresh-
old in the outer parts of galaxies.
6.2. Beyond the critical radius
Since the star formation threshold in the outer disk is in-
sensitive to the rotation rate, it is essentially a local criterion.
Star formation will only cut off at the same radius throughout
the disk if the surface density and the parameters f , Z, and I
are axisymmetric. In particular, beyond the truncation radius
of the stellar disk (i.e., the radius at which the azimuthally
smoothed stellar surface density decreases sharply), star for-
mation will occur wherever the local gas surface density ex-
ceeds the local threshold value. Observations of sporadic H II
regions beyond the optical radius (e.g., Ferguson et al. 1998b;
Brand et al. 2001) confirm that star formation thresholds are a
local phenomenon (see also Skillman 1987; Hunter & Plum-
mer 1996; HEB98; van Zee et al. 1997).
LSB galaxies have low star formation efficiencies despite
the fact that their total gas content is normal. In LSB galaxies
the gas is spread out over a larger area than in HSB galaxies,
and consequently the surface density is lower (e.g., van der
Hulst et al. 1993; van Zee et al. 1997). In our model the star
formation threshold is generally not affected by the rotation
rate, and the low rates of star formation in LSB galaxies and
in the far outer parts of HSB galaxies have the same phys-
ical cause: the star formation efficiency is low because the
azimuthally averaged gas surface density is below the thresh-
old value. Although star formation is suppressed on average,
local peaks in the gas surface density can still give rise to star
formation, in agreement with observations (e.g., van Zee et al.
1997; HEB98). We note that this explanation also holds in the
context of other interpretations of the star formation threshold
(e.g., van der Hulst et al. 1993; Elmegreen & Parravano 1994).
For many spiral galaxies the truncation of the optical disk
is known to be accompanied by a flaring of the H I disk (e.g.,
Bottema, Shostak, & van der Kruit 1987; Kamphuis & Briggs
1992). Our model can naturally account for the flaring of the
gas disk beyond the truncation radius. The truncation of the
stellar disk is caused by the star formation threshold which, in
turn, arises due to the transition to the cold phase at the critical
radius. The disk thickness is proportional to the temperature
(see eq. [22]), which is predicted to increase sharply from T <
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103 K at r < rc to T ∼ 104 K at r > rc. Hence, naively we
would expect the disk thickness to increase abruptly from .
102 pc to & 1 kpc at the edge of the stellar disk. In reality
the increase in the disk scale height will be much smaller and
more gradual than the increase in the temperature because the
warm gas just beyond the threshold feels the full gravity of the
neighboring cold gas and stars, and because the contribution
of the dark halo may no longer be negligible compared to the
self-gravity of the disk (i.e., the warm gas has effectively a
low value of f ). Moreover, within the critical radius turbulent
pressure may increase the disk thickness (i.e., the cold gas
may have a high value of f ).
The flaring H I layer often exhibits a warp beyond the stel-
lar disk (e.g., Briggs 1990) and for some galaxies, notably
NGC 4013, the rotation curve exhibits a drop of as much as
10%–15% at the edge of the stellar disk (e.g., Bottema et al.
1987; Bottema 1996; van der Kruit 2001). It has been sug-
gested (e.g., Florido et al. 2001) that the small, relatively sud-
den drop in the rotation curve at the optical edge of NGC 4013
poses a problem for theories that try to explain the observed
cut-off in the SFR in terms of a surface density threshold.
However, both observations (Swaters et al. 1997; Schaap,
Sancisi, & Swaters 2000) and numerical models (Struck &
Smith 1999) indicate that at large scale heights the gas ro-
tates more slowly. Thus, it seems plausible that the small
drop in the rotation curve of NGC 4013 is related to the flar-
ing/warping of the disk (NGC 4013 has a strong warp). If, as
suggested by Swaters et al. (1997), the decrease in the circu-
lar velocity with scale height is related to angular momentum
conservation, then the effect on the rotation curve would be
minimal if r2 ≫ L2, where L is the disk thickness. It is there-
fore interesting that NGC 4013 has a smaller truncation radius
(rc = 9.3 kpc; Bottema 1996) than any of the 31 galaxies stud-
ied by Pohlen et al. (2000a, 2000b).
6.3. Disk sizes and masses
Observations indicate that stellar disks end rather abruptly
(e.g., van der Kruit 1979; van der Kruit & Searle 1981; Bartel-
drees & Dettmar 1994; Fry et al. 1999; Pohlen et al. 2000a,
2000b; de Grijs, Kregel & Wesson 2001; Florido et al. 2001;
Kregel, van der Kruit, & de Grijs 2002), although the sharp-
ness of the truncation is still debated (e.g., Pohlen et al. 2002).
Van der Kruit & Searle (1981) measured the truncation ra-
dius for a sample of 7 edge-on spirals and found that it oc-
curs at a radius of 4.2± 0.5 exponential scale lengths (Rd)
of the surface brightness distribution. More recently, Pohlen
et al. (2000a) analyzed a sample of 31 nearby edge-on spi-
ral galaxies and found rc/Rd = 2.9± 0.7, significantly lower
than the value reported by van der Kruit & Searle (1981). The
Pohlen et al. (2000a) sample is large enough to look for corre-
lations between rc and other parameters. Although Pohlen et
al. (2000a) did not find a correlation between rc/Rd and Hub-
ble type, they did find an anti-correlation with Rd : large disks
have relatively shorter cut-off radii. This anti-correlation can
probably account for the differences between the results of
van der Kruit & Searle (1981) and Pohlen et al. (2000a), as
the sample of the latter authors contains more galaxies with
large scale lengths.
If the critical radius for star formation remains fixed over
a substantial part of the star formation history of the galaxy,
then the star formation threshold will create a cut-off in the
stellar surface density. The optical edge will in that case
roughly coincide with the critical radius, provided that the
galaxy formed inside-out.
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FIG. 5.— Disk size relative to disk scale length as a function of disk scale
length, showing the sample of edge-on galaxies of Pohlen et al. (2000b; solid
points), data taken from Florido et al. (2001; open symbols; there is one data
point for either side of the galaxy), data for the Galaxy from Freudenreich
(1998; cross), and the model predictions for log NH,crit = 20.75 (solid curves)
and Md/7.5× 109 M⊙ = 1 (top), 5 (middle), and 25 (bottom). The models
can clearly fit the observations for a reasonable range of disk masses.
From equation (15) it can be seen that for the MMW98 disk
model the critical radius is given by
rc
Rd
= ln mdM200
2piΣc
− 2lnRd . (26)
The critical radius depends on the critical surface density Σc,
the disk mass mdM200, and the disk scale length Rd . Note that
there is a degeneracy in the models between increases in the
critical surface density and decreases in the disk mass. If the
ratio mdM200/Σc is fixed, then rc/Rd is anti-correlated with
Rd .
Figure 5 (filled circles) shows the observations of Pohlen
et al. (2000b). The anti-correlation between rc/Rd and Rd re-
ported by Pohlen et al. (2000a) is clearly visible7. The solid
curves are the predictions of our model for our fiducial value
of logNH ,crit = 20.75 (logΣc ≈ 0.77 M⊙ pc−2) and, from top
to bottom, disk masses of 1, 5, and 25 times 7.5× 109 M⊙,
respectively. The models can clearly reproduce the observed
scaling of the size of the optical disk with the exponential
scale length.
Figure 5 (open symbols) shows the results of Florido et al.
(2001), who observed four edge-on spiral galaxies in the near
infrared. Florido et al. measured the truncation radius and
the disk scale length separately for each side of the galaxies,
and hence there are two data points per galaxy in figure 5.
While the two sides of the galaxies NGC 4217 and NGC 5981
give almost identical results, there are significant differences
between the two sides for NGC 4013 and NGC 6504. What is
interesting is that even though the two sides fall in different
parts of the rc/Rd-Rd diagram, they can both be fitted by a
model with the same disk mass.
If the critical radius rc and the disk scale length Rd have
both been measured, then equation (26) can be used to pre-
dict the corresponding disk mass, which is proportional to
7 Although the observed anti-correlation between rc/Rd and Rd is sugges-
tive, it should be kept in mind that it could be the result of measurement errors
in Rd . Since disks are generally only well described by purely exponential
profiles over at most a few scale lengths, and since the truncation radius is
often not well defined, the measured values of Rd will depend somewhat on
the definition of rc (e.g., Pohlen 2001).
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the assumed critical surface density Σc. Thus, if an inde-
pendent estimate of the disk mass is available, then this pro-
vides an additional test of the model. For the Milky Way
robust estimates of all three quantities have been published.
Figure 5 (cross) shows the measurements of Freudenreich
(1998): Rd ≈ 2.6 kpc and rc/Rd ≈ 4.7. Equation (26) then
yields a disk mass Md ≈ 2.7× 1010 M⊙, remarkably close to
the results of Dehnen & Binney (1998), who found Md = 3–
5× 1010 M⊙ from various observational constraints.
A consistency check is possible even if no measurements
of the disk mass are available: we can compute the mass-to-
light ratio of the disk and compare it with expectations from
population synthesis models. The total mass-to-light ratio of
the disk in the X band, ΥX , is given by
2.5logΥX = MX − MX (⊙) + 2.5logMd/M⊙, (27)
where MX and MX (⊙) are the absolute magnitudes of the
galaxy and the sun respectively. Population synthesis mod-
els yield stellar mass-to-light ratios, whereas the above equa-
tion predicts the total mass-to-light ratio. While the surface
density of the disk is generally dominated by stars in the in-
ner parts of the galaxy, their contribution is very small for
r > rc. Since the fraction of the total disk mass exterior to rc
is not always negligible for an exponential disk, we need to
use the disk mass interior to rc, Md(rc) = [1 − exp(−rc/Rd) −
rc/Rd exp(−rc/Rd)]Md , when computing Υ. This still gives
only an upper limit to the stellar mass-to-light ratio, because
it includes the mass in gas.
Figure 6 shows the resulting mass-to-light ratio in the B
band for the sample of Pohlen et al. (2000b), computed us-
ing the distances listed by those authors, the apparent magni-
tudes from the NASA Extragalactic Database8 (corrected for
Galactic extinction using the results of Schlegel, Finkbeiner,
& Davis 1998), and MB(⊙) = 5.48. The mass-to-light ratios
scatter between 1 and 5.5, with a mean of 3.1. Note that all
points can be moved up and down in proportion to the critical
surface density (we used our fiducial value logNH ,crit = 20.75).
The scatter may not be real, since there are (unknown) errors
in the measurements of rc, Rd , mB, the distances, and of course
in the model. Furthermore, there may be small differences in
the real critical surface densities from one galaxy to the next,
depending on the appropriate values of f , Z, and I. Neverthe-
less, the predicted values for the total mass-to-light ratio are
in accord with the predictions of population synthesis models
for the stellar mass-to-light ratio in the B band (e.g., Bell & de
Jong 2001). Hence, we conclude that the model predicts disk
masses that are consistent with the observations.
6.4. Uncertainties
Although the agreement between the model and observa-
tions is encouraging, it is important to keep in mind that there
are considerable uncertainties in both the observational results
and the theoretical predictions.
The observables required to test the Toomre criterion are the
rotation curve, the surface densities in atomic and molecular
gas, and the velocity dispersion. The latter two quantities are
most difficult to measure with sufficient accuracy.
One important source of error for all observables is az-
imuthal smoothing. Azimuthal smoothing would be harmless
if galaxies were perfectly axisymmetric, but the presence of
spiral structure proves that they are not. Although the models
are axisymmetric, the star formation threshold criterion does
8 http://nedwww.ipac.caltech.edu/
FIG. 6.— The predicted mass-to-light ratio in the B-band versus the pre-
dicted disk mass interior to the critical radius for the sample of Pohlen et al.
(2000b). These mass-to-light ratios are based on the total disk mass and are
thus upper limits for the stellar mass-to-light ratios. Disk masses are com-
puted from the measured critical radii and disk scale lengths, and are propor-
tional to the assumed critical surface density. The results fall within the range
expected for B-band stellar mass-to-light ratios (e.g., Bell & de Jong 2001),
indicating that the disk masses predicted by the model are consistent with the
observations.
not require this. The fate of a perturbation, which does not
have to be ringlike, depends on the local rotation rate and the
local surface density. Hence, for non-axisymmetric galaxies
the critical radius is not well defined, and individual regions
beyond the azimuthally smoothed threshold can form stars if
their surface density exceeds the local threshold value.
The molecular gas surface densities are derived from CO
maps, using a conversion factor that has been calibrated using
local, Galactic observations, i.e., using gas with a metallicity
that may be considerably higher than in the outer disk. The
CO maps rarely cover the outer parts of the disk and the H2
column near the optical radius is therefore generally estimated
by extrapolating the trend measured at smaller radii. If the
models are correct, then the molecular fraction rises sharply
shortwards of the critical radius (see Fig. 2), and extrapolating
the H2 surface density would result in an overestimate of the
threshold surface density.
The velocity dispersion is very difficult to measure and is
therefore usually assumed to be constant. To test whether, as
argued here, the star formation threshold is set by the transi-
tion to the cold phase, one would like to measure the change in
the velocity dispersion. However, even if one could measure
the dispersion, the interpretation would not be straightforward
because the ISM will be multiphase shortwards of the crit-
ical radius, whereas it is only the velocity dispersion of the
cold phase that is relevant. More importantly, it is likely that
there is no sharp decrease in the velocity dispersion because
feedback from star formation will generate turbulence, which
could lead to self-regulation (i.e., Q ≈ 1). Note that this is
fully consistent with the hypothesis that the transition to the
cold phase is responsible for the observed cut-off in the star
formation rate. All that this hypothesis requires, is that the
velocity dispersion is small in the absence of star formation.
Of course, the model also suffers from uncertainties. Al-
though the assumptions of plane-parallel radiative transfer,
a step-function vertical density profile, thermal equilibrium,
and hydrostatic equilibrium do capture most of the relevant
physics, they are approximations. Note that the latter assump-
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tion does not even hold exactly in our model: even though we
compute physical quantities like the density, temperature and
disk thickness as a function of radius, we ignore the effects
of gradients in these quantities when doing so. Nevertheless,
it is demonstrated in the appendix that the model accurately
predicts the disk thickness of an isothermal, exponential disk.
On the other hand, the rapid change in the temperature at the
critical radius probably causes us to overestimate the sharp-
ness of the decrease in the scale height (the thin, cold disk de-
creases the effective f -value for the neighboring warm, thick
disk). Moreover, for the warm, outer disk the effect of the
dark halo may no longer be negligible compared to the self-
gravity of the disk (again, this would decrease the f -value for
the warm disk). However, the phase transition should remain
sharp, because the gas is thermally unstable at intermediate
temperatures, and because self-shielding and the formation of
molecular hydrogen provide positive feedback loops.
Our model does not include several physical processes that
could in principle trigger star formation in the otherwise
warm, outer disk. Examples are swing-amplifier instabilities
and spiral density waves. If these processes are important,
then they could undermine the conclusion that the phase tran-
sition triggers gravitational instability. However, to form a
cold, molecular phase, regions of enhanced density will still
have to exceed the critical surface density and the phase tran-
sition will still trigger instability on small scales. Although
gravity-driven turbulence seems unavoidable, we note that re-
cent simulations (e.g, Wada et al. 2002) indicate that in the ex-
tended disk, beyond the critical radius for star formation, the
typical turbulent velocity dispersion is substantially below the
typical observed value (8 kms−1), which, in our model, corre-
sponds to the thermal velocity dispersion of the warm phase.
Perhaps even more important than the uncertainties in the
model assumptions are the uncertainties in the model parame-
ters, in particular f , Z, and I. In §3.3 we motivated our fiducial
values ( f = 1, Z = 0.1 Z⊙, I = 106 photons cm−2 s−1). In §5 it
was shown that the critical surface density is fairly insensitive
to the values of these parameters. Typically, a parameter has
to change by a factor ∼ 103 for the threshold surface density
to change by a factor 10. Nevertheless, the large uncertainty
in the appropriate values for the turbulent pressure and the in-
tensity of the UV radiation imply that the predictions could be
off by a factor of a few.
7. CONCLUSIONS
Observations indicate that disk galaxies have rather sharp
edges: both the SFR and the stellar surface density decline
sharply beyond a few disk scale lengths. These observations
are usually explained in terms of a star formation threshold,
set by the Toomre criterion for gravitational instability in a
thin, rotating disk (e.g., Spitzer 1968; K89). Neither rotation
nor pressure can stabilize the disk if the Toomre Q parame-
ter (Q ≡ csκ/piGΣg) is smaller than unity or, equivalently, if
the surface density exceeds the critical value csκ/piG. Since
it is difficult to measure the velocity dispersion σ (and thus
the sound speed cs), observational studies usually assume a
fixed value. Provided that the threshold Q value is allowed to
differ from unity, and to be different for spirals and irregulars,
the Toomre criterion appears reasonably successful. However,
observations of “subcritical disks” (i.e., Q > Qc everywhere)
with widespread star formation and of H II regions beyond the
critical radius [= r(Q = Qc)] have cast doubt on the general ap-
plicability of a Q threshold. As an alternative, Elmegreen &
Parravano (1994) have emphasized that the need for a cold
phase to form stars introduces a minimum critical pressure,
which depends on the radiation field and the metallicity. They
argued that high Q values prevent star formation indirectly
because they inhibit the formation of regions with sufficiently
high pressures to contain a multiphase ISM.
To investigate the physical cause of the observed star forma-
tion threshold in the outer parts of galaxies, a model was con-
structed for a gaseous, exponential disk embedded in a dark
halo. The disk is self-gravitating, contains metals and dust,
and is illuminated by UV radiation. It was found that the crit-
ical surface density for the transition to the cold phase agrees
with empirically derived constant star formation thresholds
(e.g., Skillman 1987), which therefore supports the idea of
Elmegreen & Parravano (1994) that a cold phase is critical to
star formation (see also HEB98, Hunter et al. 2001, Billett et
al. 2002, and Elmegreen 2002).
In the models the drop in the thermal velocity dispersion as-
sociated with the transition from the warm (T ∼ 104 K) to the
cold (T < 103 K) phase causes the disk to become gravitation-
ally unstable on a large range of scales, which suggests that
this phase transition plays a more important role than had hith-
erto been recognized. Since stars form in molecular clouds,
it is likely that the presence of a cold, gravitationally unstable
phase will lead to star formation. The transition to the cold
phase is sharp because the gas is thermally unstable at inter-
mediate temperatures and because both self-shielding and the
formation of molecular hydrogen provide positive feedback
loops. The phase transition is associated with a sharp increase
in the molecular fraction (from fH2 ≪ 10−3 to fH2 > 10−3), in
agreement with observations.
Galactic rotation, which includes both the Coriolis force
and shear, does not affect the critical surface density at which
the phase transition occurs and cannot stabilize the cold phase
in the outer disk. It is, however, important to note that insofar
as the Toomre Q parameter controls the formation of global
perturbations such as spiral arms and bars, it can have an indi-
rect effect on the ability of the disk to form regions in which
the surface density exceeds the threshold value for the transi-
tion to the cold phase (Elemgreen & Parravano 1994), which
could then trigger gravitational instability on smaller scales.
While turbulence ultimately has a stabilizing effect, it can
also promote local collapse by generating density enhance-
ments. Turbulence driven by feedback from star formation
should not be taken into account when computing a global star
formation threshold. However, there exists several physical
mechanisms that could drive turbulence even in the absence
of star formation, but which were not included in the models.
Examples are infalling gas clouds, shocks from spiral density
waves, and the magnetorotational instability. We argued that
it is unlikely that turbulence dominates the velocity dispersion
of the gas in the extended H I disks, which can be accounted
for entirely by thermal motions provided it is kept warm by
the (extragalactic) UV radiation, as predicted by the model.
Although the presence of strong turbulent support would in-
crease the critical surface density, it would not undermine the
conclusion that the transition to the cold phase triggers insta-
bility. The reason is that turbulent support increases the sur-
face density required for the phase transition by about as much
as it increases the velocity dispersion of the gas, thereby leav-
ing the Q parameter at the phase transition nearly unchanged.
In the models the phase transition triggers instability for tur-
bulent pressures as large as 250 times the thermal pressure.
Such a high turbulent pressure would give rise to velocity dis-
persions that are ruled out by measurements of H I line widths
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in the outer parts of galaxies.
Although the model used here can predict the threshold sur-
face density above which some of the gas will become cold
and unstable to fragmentation, it cannot predict which frag-
ments will succeed in forming stars. Moreover, once stars
form, feedback processes will create a complex, multiphase
ISM that is not well described by the simple model. Hence,
the predicted critical surface densities should be interpreted
as global star formation thresholds.
The critical radius for star formation can be defined as the
radius within which the azimuthally averaged surface density
exceeds the critical value required for the transition to the cold
phase (e.g., Elmegreen & Parravano 1994). However, since
rotation is generally unimportant, star formation thresholds
are a local phenomenon: peaks in the surface density that ex-
ceed the threshold value will form stars regardless of their
position in the disk. Thus, sporadic star formation beyond rc
is possible, in particular in spiral arms (e.g., van Zee et al.
1997; HEB98). Compared to high surface brightness galax-
ies, low surface brightness galaxies have low star formation
efficiencies because their (azimuthally averaged) surface den-
sity becomes subcritical at smaller radii relative to their disk
scale length (e.g., van der Hulst et al. 1993).
The model can account for the radii and surface densities at
which the SFR is observed to cut off. Model predictions re-
garding the scaling of the size of the stellar disk with the disk
mass and scale length agree with the observations. In partic-
ular, the mass-to-light ratios predicted on the basis of mea-
sured values of the critical radius, the disk scale length, and
the luminosity, are consistent with expectations from popula-
tion synthesis models.
Scaling relations were computed for the dependence of the
critical column density on the intensity of the UV-radiation,
the metallicity, the relative importance of thermal and turbu-
lent pressure, and the mass fraction in stars and dark matter.
Assuming hydrostatic equilibrium, the critical column density
can be converted into an equivalent critical pressure or vol-
ume density. These scaling relations can be used to implement
star formation thresholds in (semi-)analytic models and three-
dimensional hydrodynamical simulations of galaxy forma-
tion. For reasonable parameter values, we find a critical sur-
face density Σc ∼ 3–10 M⊙ pc−2 (NH ,crit ∼ 3–10×1020 cm−2),
which corresponds to a pressure P/k ∼ 102–103 cm−3 K, and
a volume density nH ∼ 10−2–10−1 cm−3.
Thus, the hypothesis that the transition to the cold phase
triggers gravitational instability and star formation, leads to
a large number of predictions that appear to be supported by
available observations. It provides an explanation for a range
of observed phenomena and correlations, some of which were
thought to be unrelated. Future observations, as well as nu-
merical simulations that include radiative transfer, molecules,
dust, and metals, could test these predictions in more detail
and help refine the model.
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APPENDIX
In this section it is demonstrated that for the case of a gaseous isothermal exponential disk, equation (19) is a very good
approximation to the exact solution. The density profile for an isothermal exponential disk is,
ρ(r,z) = Σ(r)
2H(r)sech
2
(
z
H(r)
)
, (1)
where the scale height H is given by
H =
c2s
piGΣ (2)
(Spitzer 1942). For the purpose of the radiative transfer calculation, the characteristic density at radius r is the column density
weighted density
〈ρ〉N ≡
1
Σ
∫
ρ2dz = Σ3H . (3)
Ignoring the small mass contained in metals, the total hydrogen column density NH = Σ(1 −Y )/mH can then be written as,
NH =
(
3
pi
)1/2(
γk
µm2H G
)1/2
(1 −Y)1/2n1/2H T 1/2, (4)
where nH ≡ 〈ρ〉N (1 −Y )/mH is the characteristic hydrogen number density. This expression differs from equation (A5) of Schaye
(2001a; our eq. [19]), which was derived by equating the sound crossing time and the dynamical time, by a factor
√
3/pi ≈ 0.98.
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